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1 Introduction

Lagrange’s Theorem tells us that the order of any subgroup H of a group G must divide the order of G. An
immediate corollary of this theorem is that every finite group of prime order must be cyclic. This is because
if G has prime order p, the subgroup generated by an element a ∈ G must either have order 1 or p. If a 6= e,
then the subgroup must contain at least two elements, and thus must contain p elements, meaning 〈a〉 = G.
Thus, G is cyclic. We also know that every cyclic group of order p is isomorphic to Zp. This tells us that
every group of order p is isomorphic, that is, there is only one group, up to isomorphism of order p.

This motivates an interesting question about all finite groups. When can we extend the property above
and say that there is only one group, up to isomorphism, of order n, for an arbitrary n ∈ N.

2 Small values of n

It is easy to answer this question for small values of n, simply by constructing multiplication tables.
For example, if we want to construct the multiplication table of a group of order 2, with elements {e, a},

then the only possibility is:
e a

e e a
a a e

This is because we know that in each row and column of the table, each element of our group must appear
exactly once. Similarly, if we have a group of three elements {e, a, b}, we can only fill in the table in one way
that satisfies this property:

e a b

e e a b
a a b e
b b e a

So we can say that, up to isomorphism, there is only one group of order two, and one group of order three.
But we already knew that would be the case since both two and three are prime. What happens when we
try to construct the table of a group with order 4 though? It turns out that there are actually three ways
that we can complete the table for a group with elements {e, a, b, c}.

∗ e a b c

e e a b c
a a e c b
b b c a e
c c b e a

∗ e a b c

e e a b c
a a e c b
b b c e a
c c b a e

and

∗ e a b c

e e a b c
a a b c e
b b c e a
c c e a b

We can find an explicit isomorphism between the first table and the third, that is φ(e) = e, φ(a) = b,
φ(b) = a, and φ(c) = c. This would cause us to flip the second and third rows, then flip the second and
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third columns, then replace all of the a entries with bs and all of the bs with as. However, we cannot find
an isomorphism between the first table and the second. We note that in the second table, each element
is its own inverse, which is not the case in the first (or third) tables. Thus, we can conclude that, up to
isomorphism, there are actually two groups of order 4, namely Z4 and Z2 × Z2.

3 Even Numbers

We want to be able to rule out certain numbers n that we know have more than one group, up to isomorphism,
of order n. The easiest category of numbers to eliminate are all even numbers greater than 4. For n ≥ 3,
we can define the Dihedral group Dn as the group of symmetries of a regular n-gon. We know that this
group has 2n elements, namely n rotations and n reflections. We can label the points clockwise in the n-gon
with the integers {1, . . . , n}. Let r be the element corresponding to a rotation of 360/n degrees, that is,
moving each vertex one spot clockwise, and let s be the element corresponding to a reflection across the
line of symmetry through the point labeled 1. Geometrically, we can see that the element rs is not the
same as the element sr, as rs(1) = 2, and sr(1) = n. Thus, we can conclude that Dn is not abelian. More
importantly, we can conclude that Dn 6' Z2n. This means that for any even number m ≥ 6, we have at least
two non-isomorphic groups, namely Dm/2 and Zm.

4 Non Square Free Numbers

Another fairly easy category of numbers that we can rule out are those that are not square free. The
Fundamental Theorem of Arithmetic tells us that we can write any number n as the product of powers of
distinct prime numbers, that is we can uniquely (up to ordering) write n = pan

1 pa2
2 · · · p

ak

k , where each of
the pi are distinct. We say that n is square free if it is not divisible by the square of any prime. This
would restrict our decomposition above to the case where ai = 1 for all 1 ≤ i ≤ k. Thus, if n is not square
free, one of the ai ≥ 2. Assume, without loss of generality, that n is divisible by p21. Then we can write
n = p21p

a1−2
1 pa2

2 · · · p
ak

k . We know that the group Zp1 × Zp1 is not cyclic. This is because the order of every
element is p1, and thus no element can generate the entire group. Now, consider the group

(Zp1 × Zp1)× (Z
p
a1−2
1
× Zp

a2
2
× · · · × Zp

ak
k

).

We know that this group will have order n. We also know that it will not be cyclic, since Zp1 × Zp1 is not
cyclic, and the larger product will have a subgroup isomorphic to each of its components. If this group is
not cyclic, then we know immediately that it is not isomorphic to Zn. Thus, we have shown that for any
number n that is not square free, there are at least two groups, up to isomorphism, of order n.

5 Abelian Groups

We note now that if we were just considering abelian groups, this would be enough to classify all of our
one number groups. We could say that if n is square free, then there exists only one abelian group, up to
isomorphism, of order n. By the fundamental theorem of finitely generated abelian groups, a group G of
order n is isomorphic to the direct product of Zp

a1
1
× Zp

a2
2
× · · · × Zp

ak
k

. However, since n is square free, we

must have each of the ai = 1, and each of the pi are distinct. Then, we know that

G ' Zp1 × Zp2 × · · · × Zpk
' Zp1p2...pk

' Zn.

Thus, every abelian group of order n is isomorphic to Zn if n is square free.
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6 Machinery and Definitions

Before going any further, we need to build up a little extra machinery and define a few terms. We’ll start
with a special type of subgroup:

Definition. A proper subgroup H of a group G is maximal if no other proper subgroup of G contains H.
That is, if H < K < G, then we must have either H = K or K = G.

One result that we will want about these maximal subgroups is that their image under an automorphism
must also be maximal.

Lemma. Let H < G be a maximal subgroup, and let φ : G→ G be an automorphism. Then φ[H] is also a
maximal subgroup of G.

Proof. Assume, to the contrary, that φ[H] is not maximal. Then, there exists some K < G with φ[H] <
K < G and φ[H] 6= K 6= G. However, we know that φ and φ−1 are automorphisms, and thus φ−1[K] must
be a subgroup of G. It must also be proper since φ−1 is a bijection and K 6= G. However, H = φ−1[φ[H]]
must then be contained in φ−1[K], but again, not equal to φ−1[K]. But H is maximal, so φ−1[K] = H or
φ−1[K] = G, a contradiction. Thus, we must have that φ[H] is a maximal subgroup of G.

Next, we look at two special subgroups, called the normalizer and centralizer.

Definition. Let H be a subgroup of a group G. Then the normalizer of H in G is the set N [H] = {x ∈ G |
xHx−1 = H}.

N [H] is a subgroup of G and is the largest subgroup of G containing H as a normal subgroup. We should
also note that if HCG, then N [H] = G. More importantly, if H is maximal, then since H < N [H], we must
have either N [H] = H or N [H] = G.

Definition. Let H be a subgroup of a group G. Then the centralizer of H in G is the set C[H] = {x ∈ G |
xh = hx ∀h ∈ H}, that is, the set of elements in G that commute with all elements of H.

Again, we have that C[H] is a subgroup of G. A proposition in [1, p. 133] gives us that the factor group
G/C[H] is isomorphic to some subgroup of Aut(H).

In addition, we will use the following theorem of Cauchy [2, p. 322]

Theorem (Cauchy’s Theorem). Let p be prime. Let G be a finite group, and let p divide |G|. Then G has
an element of order p, and consequently, a subgroup of order p.

We also introduce a few basic concepts from Number Theory, taken from [4]. First, we define Euler’s
phi-function:

Definition. Let n be a positive integer. The Euler phi-function φ(n) is defined to be the number of positive
integers not exceeding n that are relatively prime to n.

It is easy to show that for a prime number p we have that φ(p) = p − 1, as each of the p − 1 numbers
less than p are relatively prime to p. Similarly, we can show that φ(pa) = pa − pa−1 = pa−1(p − 1) since
the only numbers less than or equal to pa not relatively prime to pa are the pa−1 multiples of p, namely
{p, 2p, . . . , pa−1p}. We can also show the following:

Theorem. Let m and n be relatively prime positive integers. Then φ(mn) = φ(m)φ(n). That is, φ is a
multiplicative function.

This theorem, coupled with the Fundamental Theorem of Arithmetic, tells us that if n = pa1
1 p

a2
2 · · · p

ak

k ,

then φ(n) = φ(pa1
1 )φ(pa2

2 ) · · ·φ(pak

k ) = pa1−1
1 (p1−1)pa2−1

2 (p2−1) · · · pak−1
k (pk−1). As noted in class, we also

have that |Aut(G)| = φ(|G|) for any cyclic group G.
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7 One Group Numbers

We now claim that we can classify all numbers n such that there exists only one group, up to isomorphism,
of order n. The following lemma and theorem are adapted from [3]. We first prove the following Lemma:

Lemma. If G is a finite, noncyclic group, and for all proper H < G, H is cyclic, then G contains a
nontrivial, proper, normal subgroup.

Proof. Assume to the contrary that G does not contain any nontrivial, proper, normal subgroups. Now,
consider two maximal subgroups H and K of G with H 6= K. By assumption, both H and K are cyclic.
Now, consider N [H ∩K] the normalizer of H ∩K. This is defined as {g ∈ G | g(H ∩K)g−1 = (H ∩K)}.
Since H and K are cyclic, then for all h ∈ H and k ∈ K, we have that h ∈ N [H ∩K] and k ∈ N [H ∩K].
Thus, H ⊂ N [H ∩ K] and K ⊂ N [H ∩ K]. Thus, since H and K were both maximal, we can say that
N [H ∩K] must be all of G. This implies that H ∩K is normal in G, and thus by our assumption must be
trivial, that is H ∩K = {e}.

Now, consider N [H]. Since H is maximal, the only possibilities for N [H] are H itself and all of G. But,
by assumption, H is not normal, so N [H] 6= G. Thus, we must have N [H] = H. Now, pick some arbitrary
x /∈ H. Then the image of H under the inner automorphism ix is not equal to H, as otherwise x ∈ H. We
know that ix[H] must also be maximal by our first lemma above. Thus, by the argument above, we can say
that H ∩ ix[H] = {e}. We know that there are |G : N [H]| subgroups conjugate to H, each of which has
|H| − 1 non-identity elements. Thus, there are (|H| − 1)|G : N [H]| = (|H| − 1)|G : H| = |H||G : H| − |G :
H| = |G| − |G : H| ≥ |G|/2 non-identity elements in H and its conjugates. Now, since H 6= G, we can say
that |G : H| ≥ 2, then the number of elements in H and its conjugates is |G| − |G : H|+ 1 < |G|.

Thus, there exists some nonidentity element y ∈ G, such that y is not in H or any of its conjugates. Now,
let K be a maximal subgroup of G containing y. By a similar argument as above, we can show that K and
its conjugates contain at least |G|/2 non-identity elements. However, since no two maximal subgroups share
any elements other than {e}, this means that G must contain at least |G| non-identity elements, which is
certainly impossible. Thus, we have reached a contradiction, and can conclude that G must contain some
nontrivial, proper, normal subgroup.

Using this lemma, we can now prove the following theorem about one group numbers. We note that we
always have the group Zn of order n

Theorem. For any positive integer n, there exists only one group of order n, up to isomorphism, if and
only if gcd(n, φ(n)) = 1.

Proof. (⇒) Assume, to the contrary that there exists only one group of order n, up to isomorphism, but
that gcd(n, φ(n)) 6= 1. By the Fundamental Theorem of Arithmetic, we can write n = pa1

1 p
a2
2 · · · p

ak

k where
each of the pi are distinct primes. Since φ is a multiplicative function, we can write that

φ(n) = φ(pa1
1 p

a2
2 · · · p

ak

k )

= φ(pa1
1 )φ(pa2

2 ) · · ·φ(pak

k )

= pa1−1
1 (p1 − 1)pa2−1

2 (p2 − 1) · · · pak−1
k (pk − 1).

Then one possibility is that one of the ai ≥ 2. In this case, we would have that pi divides gcd(n, φ(n)).
We have already eliminated this case above, since this means n is not square free, and thus there exists a
non-cyclic group of order n. Thus, we can assume that n is square free. Then, each of the ai above must be
1, and we can say that φ(n) = (p1 − 1)(p2 − 1) · · · (pk − 1). Thus, we can find some primes p and q, both of
which divide n, with p < q and that p divides q − 1. Now, consider the group Z∗

q , the multiplicative group
with elements {1, 2, . . . , q − 1}. Since p divides q − 1, we know, by Cauchy’s Theorem, that Z∗

q contains
some element, call it x of order p. We now construct a non-cyclic group of order pq. Let H be generated by
elements a, b with the following constraints: ap = bq = e, and a−1ba = bx. We can then uniquely write any
element of H as a product of the form aibj with 0 ≤ i < p and 0 ≤ j < q. Thus, we have the desired group
of order pq, and because of our conditions, it cannot be cyclic. Thus, we can construct a group H × Zn/pq
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that is non-cyclic, and thus, not isomorphic to Zn. This is a contradiction, so we can say that if there is
only one group of order n, then we must have gcd(n, φ(n)) = 1.

(⇐) By induction on n: We know that our implication holds for n = 1, 2, 3 as we showed above. Now,
assume that this implication holds for all m < n, but assume to the contrary that gcd(n, φ(n)) = 1 but that
there exists some non-cyclic group G of order n. By the argument above about φ(n), we know that n must
be square free. Thus, any proper subgroup of G will have prime order (or order 1) and by cyclic. Then,
by the Lemma, we know that G must have some nontrivial, proper, normal subgroup, call it H. Since |H|
divides |G|, it follows from the fundamental theorem of arithmetic that gcd(|H|, φ(|H|)) = 1, and thus, by
the inductive assumption H must be cyclic. Similarly, since H is normal, we can define G/H, and note that
|G/H| must divide G, and again, gcd(|G/H|, φ(|G/H|)) = 1, and thus G/H is also cyclic.

Now, consider the centralizer of H, C[H], namely {x ∈ G|∀h ∈ H,xh = hx}, i.e. those elements in G
that commute with all elements of H. We know that G/C[H] is isomorphic to a subgroup of Aut(H), and
that |Aut(H)| = |φ(H)| which divides φ(n). Thus, we have that |G/C[H]| divides both n and φ(n), and by
our assumption, must have that |G/C[H]| = 1. This means that every element of G commutes with every
element of H, and since H is not trivial, this implies that G must be abelian. We now know that G is finite,
abelian, and squarefree. Thus, we know, from the fundamental theorem of finitely generated abelian groups,
that G must be cyclic, contradicting our assumption. Thus, if gcd(n, φ(n)) = 1, then there is only one group
of order n, up to isomorphism, namely Zn. Thus, by the principle of mathematical induction, this holds for
all positive n.

Thus, we have proved the implication in both directions and can conclude that there is only one group
of order n if and only if gcd(n, φ(n)) = 1.

Based on the proof, we can say that the condition of gcd(n, φ(n)) = 1 is equivalent to requiring that n is
square free, and that for any primes p1 < p2 that both divide n, we have that p1 - (p2 − 1).
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